PARABOLIC INDUCTION AND JACQUET MODULES
OF REPRESENTATIONS OF O(2n, F)

DUBRAVKA BAN

ABSTRACT. For the sum of the Grothendieck groups of the cate-
gories of smooth finite length representations of O(2n, F') (resp.,
SO(2n,F)), n > 0, (F a p-adic field), the structure of a mod-
ule and a comodule over the sum of the Grothendieck groups of
the categories of smooth finite length representations of GL(n, F),
n > 0, is achieved. The multiplication is defined in terms of par-
abolic induction, and the comultiplicitation in terms of Jacquet
modules. Also, for even orthogonal groups, the combinatorial for-
mula, which connects the module and the comodule structures, is
obtained.

1. INTRODUCTION

In this paper, we deal with

R(0) = €D f.(0)

n>0

where R,,(O) denotes the Grothendieck group of the category of smooth

finite length representations of O(2n, F'), F a p-adic field. R(O) is a

module and a comodule over the Hopf algebra R = @ R,; here R,
n>0

denotes the Grothendieck group of the category of smooth\finite length

representations of GL(n, F').

The structure of R was described by Zelevinsky in [Z1]. The defi-
nition of the multiplication m : R ® R — R and the comultiplication
m*: R — R ® R is based on the fact that for 0 < k < n there exists a
standard parabolic subgroup of GL(n, F') whose Levi factor is isomor-
phic to GL(k, F') x GL(n — k, F'). The multiplication is defined using
parabolic induction, and the comultiplication by Jacquet modules (see
the third section of this paper). The structure of a Hopf algebra on R
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includes the Hopf axiom; it is the property that m* is a ring homomor-
phism.

For O(2n, F') and 0 < k < n, there is a standard parabolic subgroup
whose Levi factor is isomorphic to GL(k, F') x O(2(n—k), F'). So, there
is a natural way to define (using parabolic induction) the action x of
R on R(O), and (using Jacquet modules) the mapping p* : R(O) —
R x R(O). This is done in the sixth section.

There is also a connection between the module and the comodule
structures on R(O). Let

M =(m®1l)o(~®m")osom”,

where s : R® R — R ® R is the homomorphism determined by s(r; ®
ro) =1y ® 11, 11,72 € R. Then we have

(*) pr(m > o) = M*(m) x p*(0),

so R(O) is an M*-Hopf module over R (see [T1] for the definition).
The formula (*) can be used to find a composition series for Jacquet
modules of parabolically induced representations.

The kind of work we have done for even orthogonal groups was first
done by Tadi¢; in [T1] he introduced such a structure in the cases
of symplectic and special odd-orthogonal groups, and he proved the
combinatorial formula (*) for those groups. He also raised the question
of the existence of such a structure for other series of classical p-adic
groups.

We now give a short summary of the paper. In the second section, we
give the definitions and some results of Bernstein and Zelevinsky, and
Casselman, about parabolic induction and Jacquet modules. The third
section describes the structure of R, as it is done in [Z1]. The fourth
section is about standard parabolic subgroups of SO(2n, F') and about
R(S) (the definition is analogous to R(0O)). R(S) is an R-module and
R-comodule. The fifth section contains calculations in the root system
for the case of D, i.e., for the group SO(2n, F'). This is used in the sixth
section to find double cosets of O(2n, F'). In this section we also define
the module and the comodule structures for even orthogonal groups.
In the seventh section, we have applied the proof of the combinatorial
formula from [T1] to our case.

I would like to close the introduction by thanking Marko Tadi¢, who
suggested this project and helped its realisation. Also, I am very grate-
ful to the referee for his valuable comments and English corrections.
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2. PRELIMINARIES

In this section, we shall introduce some basic notation and recall
some results that will be needed in the rest of the paper. Our presen-
tation follows the papers [BZ2] and [C].

A Hausdorff topological group G is called an I-group if any neigh-
bourhood of the identity contains an open compact subgroup.

Let G be an l-group, M, U closed subgroups, such that M normalises
U, MNU = {e} and the subgroup P = MU C G is closed; let 6 be
a character of U normalised by M. In such a situation, we define the
functors

IU79, iU,GdJ : AlgM — AZQG,
Tuey - AlgG - AlgM
(Here AlgG denotes the category of algebraic (=smooth) representa-
tions of G.)
(a) Let (p,L) € AlgM. Denote by I(L) the space of functions f :
G — L satisfying the following conditions:
L. f(umg) = 0(u) A2 (m)p(m)(f(9)), weU, meM, geG.
(Here Ayydenotes the modular character.)
2. There exists an open subgroup K,C G such that

flgk) = f(g), forgeG, ke K.

Define the representation (6, I(L)) € AlgG by (6(g9)f)(¢") = f(d'g).
We call § an induced representation and denote it by Iy g(p).

Denote by (L) the subspace of I(L) consisting of all functions com-
pactly supported modulo the subgroup P = MU. The restriction of ¢
to the space (L) is called compactly induced and is denoted by iy g(p).

(b) Let (7, E) € AlgG. Denote by E(U, ) C E the subspace spanned
by the vectors of the form

m(u)é — 0(u)é, uel, € F.

The quotient space E/E(U,0) is called the 0-localisation of the space
E and is denoted by ryg(FE). Define the representation (6, 7y ¢(F)) €
AlgM by

3(m)(&+ B(U,0)) = Ag/*(m)(r(m)é + E(U,0)), me M, €€ E;

it is easily verified that 0 is well-defined. Call the representation ¢ the
-localisation of m and denote it by ryg(m).
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We shall now state a result of Bernstein and Zelevinsky (Theorem
5.2 of [BZ2]).
Let G be an l-group, P, M,U and @), N,V be closed subgroups, 6 be
a character of U and v be a character of V. Suppose that
(1) MU=P, NV =Q, MnU=NnNV ={e}, M normalises U
and 0, N normalises V' and .
Then there are defined functors

twep AlgM — AlgG and 1y, @ AlgG — AlgN.
We want to compute the functor
F= Ty © Z.U,Gz/)' AlgM - AlgN

It requires some complementary conditions. Suppose that
(2) The group G is countable in infinity, and U, V are limits of com-
pact subgroups.
Consider the space X = P\G with its quotient-topology and
the action ¢ of G on X defined by

§(9)(Ph) = Phg™*, g,h € G,Phec X.

Suppose that
(3) The subgroup @ has a finite number of orbits on X. Acording to
([BZ1],1.5), one can choose a numbering Z, ..., Zyof the Q-orbits
on X such that all sets
Yi=2Z1, Yo=Z1UZs, .., Yigm Z1U .U Zj= X
are open in X. In particular, all Q-orbits on X are locally closed.
Fix a Q-orbit Z C X. Choose w € G such that Pw~! € Z and
denote by w the corresponding inner automorphism of G: w(g) =
wgw . Call a subgroup H C G decomposable with respect to the
pair (M,U), if HN(MU) = (HN M)(H NnU). Suppose that
(4) The groups w(P), w(M) and w(U) are decomposable with respect
to (N, V); the groups w™(Q),w™ (N) and w™ (V') are decompos-
able with respect to (M, U).
If the conditions (1)-(4) hold, we define the functor @z, AlgM —
AlgN. Consider the condition
(*) The characters w(f) and v coincide when restricted to the sub-
group w(U)NV.
If (*) does not hold, set ®zy= 0. If (*) holds then define the functor
® z4in the following way.
Set

M = Mnw(N), N =wM)=wM)NN,
V/ = Mn w_l(v)> w/ = w_l(w) |V’> U/ = wa(U)> 9/ = ’LU(Q) |U’ .
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It is clear that the following functors are defined
ryry o AlgM — AlgM’,
w : AlgM' — AlgN’,
i g AlgN' — AlgN.
Let 1 = Al}i/zAllj/ﬁw,l(Q) be a character of M’, g5 = A‘_,l/zA%,/ﬁw(P) be
a character of N’ and € = e;.w(e2) be a character of M'. We define @,
by

O = ipeg owoeory y AlgM — AlgN

(here € is considered as a functor, see [BZ2] 1.5). In a more symmetric
form,

Q= i ©E20W O EL O Ty .

Theorem 2.1. Under the conditions (1)-(4) the functor F' = ry, o
twep: AlgM — AlgN is glued from the functors ®z,where Z runs
through all Q-orbits on X. More precisely, if orbits Z1, ..., Zyypare nu-
merated so that all sets Y= Z1 U ... U Zyy(i = 1,..., k) are open in X,
then there exists a filtration 0 = Fy C Fy C ... C Fyy= F such that
Fi/Fi—l—l ~ @Zi.

(Let A be an abelian category and C, Cy, ... , Crye A. We say that
the object D € A is glued from Cy,Cs, ... , Cyyif there is a filtration
0=Dy C Dy C--- C Diy= D in D, such that the set of quotients
{D;/D;_1} is isomorphic after a permutation to the set {C;}.)

Let F' be a locally compact nonarchimedean field. By an algebraic
F-group we mean the group of F-points of some algebraic group, de-
fined over F. In a natural locally compact topology such groups are
l-groups.

Let G be a connected (in an algebraic sense) reductive F-group. Fix
from now on a minimal parabolic subgroup Fy C G and a maximal
split torus Ay C F.

Let P be a parabolic subgroup containing Fy. We call such a group
a standard parabolic subgroup. Let U be the unipotent radical of P.
There exists a unique Levi subgroup in P containing Ag; denote it by
M (it is a connected reductive F-group). It is known that P normalises
U and has the Levi decomposition P = MU, M NU = {e}. We define
the functors

ta,my AlgM — AlgG and ra,ay AlgG — AlgM
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by

16, My= U1, TM,G= TU1-
For o € AlgM we call ig (o) the parabolically induced representation
of G by o from P, and for m € AlgG we call rj; () the Jacquet module
of m with respect to P.

Denote by ¥ the set of (reduced) roots of G relative to Ag. The choice
of Py determines a basis A of ¥ (which consists of simple roots). It also
determines a set of positive roots ¥ . Denote by W the Weyl group of
G. For § C A, we denote by Wyythe subgroup of W generated by all

reflections {way o € 0} . If P = Pyy= MU is the standard parabolic
subgroup of G determined by 6, then Wp,is also denoted by Wyy.

Let ,60 C A. Now, we shall describe the set [Wy\W/W |, a set of
representatives of Wy\W/W | defined in [C].
For a € A, set

W= {w e W | wa > 0}, W={weW |w'a>0}.
We have

ac ac

(W \W/W | = [W\W]n[W/W].

If P= Pyy= MU and Q = P = NV are standard parabolic sub-
groups of G, then we have a bijection Wy \W/Wyy,= P\G/Q (see
[BT], 5.15,5.20). From this relation and Theorem 1.1 Bernstein and
Zelevinsky obtained the geometric lemma ([BZ2]). The same result
was obtained independently by Casselman in [C].

wW/wl = (wey W \W]zﬂ(vv,

Theorem 2.2 (Geometric lemma). Let G be a connected reductive p-
adic group, P = Pypy= MU, Q = P = NV parabolic subgroups. Let
o be an admissible representation of M. Then rycye icm(o) has a
composition series with factors

Z.N,N’ ) ’Uj_l o ’T’M/7M(0')
where M' = M Nw(N), N' =w ' (M)NN and w € [Wo\W/W |.
Let m be a smooth finite length representation of G. We identify it
canonically with an element of the Grothendieck group of the category

of all smooth finite length representations of G. We denote this element
by s.s.(m) and call this map semi-simplification.
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3. GENERAL LINEAR GROUP

In this section, we shall recall some results of the representation
theory of p-adic general linear groups. The proofs can be found in
[BZ2] and [Z1].

Fix the minimal parabolic subgroup of GL(n, F') which consists of
all upper triangular matrices in GL(n, F’). The standard parabolic sub-
groups of GL(n, F') can be parametrized by ordered partitions of n: for
a = (ny,...,ng) there exists a standard parabolic subgroup (denote it
in this section by P,) of GL(n, F') whose Levi factor M,is naturally
isomorphic to GL(ny, F') x - -+ x GL(ng, F).

Denote by R,sthe Grothendieck group of the category of smooth
representations of GL(n, F'). R,s a free abelian group; it has a basis
consisting of equivalence classes of irreducible smooth representations

of GL(n, F'). Let
BB

n>0

We shall define a multiplication and a comultiplication on R.
Let 7, m be admissible representations of GL(ny, F'), GL(ng, F),
resp., n1 + ng = n. Define

T X Ty = 1GL(n,F),M(n1,n2) (T1 & T2).

Now, for irreducible smooth representations 7,7 € R, we put @ X 7 =
s.s.(m x 7). We extend x Z-bilinearly to R x R. The induced mapping
R®R — R, t® 7 +— 7w X 7 is denoted by m.

Let 7 be a smooth representation of GL(n, F) of finite length. For
a = (ny,...,ng) we define

Ta,(n) (m) = T Mq,GL(n,F) ().

This is a representation of My~ GL(ny, F) X --- x GL(ng, F'), so we
may consider s.5.(rq,n) (7)) € Ry, @ -+ ® Ry, . Now we define

ny
m* (1) =Y 45.(rgni)m(7) € R R.
k=0
We extend m* Z-linearly to all R.

With the multiplication m and the comultiplication m*, R is a graded
Hopf algebra. This means that R is Z-graded as an abelian group, m
and m* are Z,-graded, R has an algebra and coalgebra structure, and
the comultiplication m* : R — R ® R is a ring homomorphism.

Let g € GL(n, F'). We denote by ‘g the transposed matrix of g , and
by g the matrix of g transposed with respect to the second diagonal.
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4. SPECIAL ORTHOGONAL GROUP SO(2n, F)

From now on, F’ will be a fixed local non-archimedean field of char-
acteristic different from two.
The special orthogonal group SO(2n, F'), n > 1, is the group

SO@2n, F) = {X € SL(2n,F) | "XX = I, }.

For n =1, we get
o 0 X X
sonn={[f % lper )
SO(0, F) is defined to be the trivial gro
Denote by Ag the maximal split torus\in SO(2n, F') which consists
of all diagonal matrices in SO(2n, F’). Hence,
Ay = { 1ag(xy, ... ,l’n,l’;é}, e ,Il_l)‘ we F* = (F*y™

Denote by a the natural isomorphism of (F*)"to Ag defined by — a(zy, ..., ,) =
diag(zy, ..., T, Ty - )

We fix the minimal parabolic subgroup F, which consists of all upper
triangular matrices in SO(2n, F').

The root system is of type Dy

the roots: teist ey 1<i<j<n,
the positive roots: ey €y 1<i<y<n,
Cipt Ejp I<i<j<n,

the simple roots:  ayy= € €it1, 1 <i<n—1, auy=en_1+ en.

The set of simple roots is denoted by A. The action of the simple roots
on Ay is given by

ai(a(zy,...,xy)) = :l?iil?i__l_ll, 1<i<n—1,

ap(a(xy, ..., xy,))

Tp—1Tnp-

Let us describe the standard parabolic subgroup FPy,= MyUy, 6 C A.
For i =1,...,n we define
L A\{al}> i 7é n-— 17
A\ an, an )y, i=n—1.
Fori =0, weput o= A.If6 can be written in the form 6 = /4, [ =
i€l
{'él, ...,’ik}, 1<y <..< 'ék, then

M91/1: {(Z'ag(gb...,gk, h> %1;277 ﬂ./él_l) | g“,ZE GL(nZ>F)> h € 50(2(n_m)>F) 5
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where ny = i1,m1 + ng = G, ..., F -+ = ikp= m. Put a =
(n1, ..., nk). Mpyis also denoted by M,. In this case we have

M= GL(ny, F) X GL(ng, F') x --- X GL(ng, F') x SO(2(n —m), F).
If § cannot be written in such a form (this happens when a,_1 ¢
6, anye 0), then we have

Mgy = s M s7', where = (0\{a,})U {1},

I
0
1

1
0
( I
Note that the presentation of # in*the form 6 = wis not always
icl
unique. Namely, when a,_1 ¢ I and a,¢ I, we may take n — 1 €
I.,nelorn—1€l, n¢l. Inthat case we have

My= { hag(g, ..., gr, I, ﬂf],;j,..., 001 | gwe GL(ni, F), h = diag(x,v™"), v € F* |
SO we m[(y consider

My= GL(ny, F) x GL(ng, F') X --- X GL(ny, F') x GL(1, F),
or

M= GL(n1, F) X GL(ng, F) x --- X GL(ng, F) x SO(2, F).

For us, it will be important that for any ordered partition o« = (ny, ..., ng)
of a non-negative integer m < n we have a standard parabolic subgroup

of SO(2n, F') whose Levi factor M,yis isomomorphic to GL(ny, F) X

GL(ng, F) x -+ x GL(ng, F') x SO(2(n —m), F).

Now, take smooth finite length representations w of GL(n, F') and o
of SO(2m, F). Let P,y = M,)Up,) be a standard parabolic subgroup
of SO(2(m +n), F). Hence, M) = GL(n,F) x SO(2m, F),so m® o
can be taken as a representation of M,).Define

T X 0 =i, S0(2(m+n),F) (T & 0).
Proposition 4.1. Let m, 7 and 7 be finite length smooth representa-

tions of the groups GL(n, F'), GL(ny, F) and GL(ny, F') respectively,
and let o be a finite length smooth representation of SO(2m, F). Then
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(Here 7 denotes the contragredient representation of 7.)
Proof. The proof is straightforward and follows from [BZ2], Propo-
sition 2.3. O

Denote by R, (.5) the Grothendieck group of the category of all finite
length smooth representations of SO(2n, F'). Define

R(S) = D fu(9).

The multiplication of representations x we introduced above gives rise
to a multiplication x : R x R(S) — R(S). For irreducible smooth
representations 7 € R and o € R(S), we put

TXo=355(TX0),

and extend x Z-bilinearly to R x R(S). Now, we can get a Z-linear
mapping, denote it by 1 : R® R(S) — R(S), which satisfies u(r®0) =
s.5.(mx o) for m € R and 0 € R(S).

Proposition 4.2. (R(S5), 1) is a Z-graded module over R.

Proof. See [Sw] for the definition of a module over a Hopf algebra.
We are interested in the property of associativity, i.e., that the following
diagram commutes:

R®R®R(S) ““ R® R(S)

megidy) Iz
R®R(S) -  R(S).
The proof of this property relies on the previous proposition. O

Let o be a finite length smooth representation of SO(2n, F'). Let a =
(nq,...,nk) be an ordered partition of a non-negative integer m < n.
Define

Sav(O)(U) = TMa,SO(zn,F)(U)-

This is a representation of M,y = GL(n1, F) x GL(ny, F') X -+ X
GL(ng, F) x SO(2(n —m),F'), so we may consider s.5.(s4,0)(0)) €
R, ® - ® Ry, ® Ry_n(5). Now we shall define a Z-linear mapping
p : R(S) — R® R(S). For an irreducible smooth representation
o € R(S), we define

Z s.(S(),(0)(

We extend p* Z-linearly to p* : R( ) — R® R(S).
Proposition 4.3. (R(S5), u*) is Z,-graded R—comodule.
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Proof. The definition of a comodule over a Hopf algebra can be found
in [Sw]. We are interested in coassociativity, i.e., that the following
diagram commutes:

R(S) %  R®R(S)

R®R(S) ™2 R R® R(S).
The proof follows from [BZ2], Prop.2.3. O

The above construction is analogous those Tadi¢ did in [T1] for
Sp(n, F') and SO(2n + 1, F).

5. CALCULATIONS IN THE ROOT SYSTEM, THE CASE OF Dm/,

In this section we shall make the calculations in the Weyl group we
need for the geometric lemma. Precisely, for i1,i € {1,2,... ,n} we
shall find [W  \W/W ] fnd for w € [W  \W/W ] {determine

11 N 'LU( iz)'

First, we shall describe the Weyl group:

W = {£1}" x Sym(n),

where
{£1}" ! = {(61,...,en) € {£1}™ H = 1} .
i

Sym(n) acts on the roots e;£ejby permutations of the set {es, ..., e, },
and (eq, ..., €,) acts as sign changes (—1 in the i-th place of € = (1, ..., €,)
denotes the interchange of e;and —e;). For p € Sym(n) and (€1, ..., €,) €
{£+1}""1 we have

e, -oey En)p_l = (€p71(1), ey €p71(n)).
It follows that
[p(€1> ey En)]_l = p_l(ep*1(1)> cey Epfl(n))a
[(er v en)p] ™ = (Ep(a)s - Epm)D "

Now we shall use the formulas from [C] for [We\W/W | we listed
before. The beginning of our calculation is almost the same as in [T1],
and the first four lemmas are very similar.
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By the definition of the action of W on roots, for p € Sym(n) and
(€1, ..., €n) € {E1}"%ve have

pe(ai) = pe(ew,— ir1) = P(Eiﬁ’iw— €ir1€it1) = €i€p(i) — €it1€piit1), 1 <1 <m—1,
pe(an) = pe(en—1 + en) = plen—16n—1 + €n6n) = €n_1€p(n_1) + EnCp(n)-

As we said, W* = {w € W | wayy> 0}. If we check when pe(a;) >
0, 1 <1 < n, then we easily get the following lemma.

Lemma 5.1. a) For 1 <i <n—1, W% s the disjoint union of the
following three sets:

(i) {pe € W | €i= €1 =1, p(i) <p(i +1)};

(11) {pE € W | EW’: 1, €ir1 = —1},

(iti) {pe € W | €i= €1 = —1, p(i) > p(i + 1)}

b) W is the disjoint union of the following three sets:

(1) {pe € W | €n—1 = €ny= 1};

(ii) {pe € W | €n-1 =1, en= —1, p(n —1) <p(n)
(iii) {pe € W | €4—1 = —1, €= 1, p(n — 1) > p(n)

}’.
}

In the same way, we can compute “W = {w € W | w™ a;> 0}.

Lemma 5.2. a) For 1 <i <n—1, “W is the disjoint union of the
following three sets:

) {geeW e =i =1, p @) <p ' (i+1) ;

(ii) {He € W | 610y =1, €100y =—1 ;

(111) { eWw | €p=1(i) = €p=1(i+1) = —1, p_l(z') > p_l(i + 1) .

b) * 1s the disjoint union of the following three sets:

(i) {re € W | epain) = 6pagm =1

(i) {§e € W | epmipn-1y =1, €1y = —1, pH(n—1) <p'(n) ;
(ili) {§ € W | p-1(n-1) = =1, 1y =1, pH(n—1) > p~(n) .

In the next lemma, we shall use the formula [W/W | = /L WY
for CA.

Lemma 5.3. Let1 <i<n andlet 0 < j <1. Denote by Yjwthe set of
all pe € W such that the following siz conditions are satisfied:

(i) er= 1, for1 <k <j;

(i) p(k1) <p(k2), for1 <k < ke <j;
(iff) €= —1, for j41<k<i:
(iv) p(k1) > p(ka), for j+1 <k <ky <i;
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(V) €r=1, fori+1<k<n-—1;
(vi) p(k1) <p(ks), fori+1<k <ky<n.

Denote by ij”the set of all pe € W which satisfy the same conditions
(for i =n), but instead of (iii), the condition

(iil") exy= —1, Jorj+1<k<n-—1, €1
Then

0<yj<ty

ww- 1= J ( Yy

wiw ] = U(Yf%

0<j<n
Here 7m/,: A\{an-1}.

Proof. Take pe € [W/W J= /L W
If i <n—1, then pe € W N W -1, From Lemma 5.1 a) for n — 1
and Lemma 5.1 b) for n we get

€n—1 = 17 Eny— _1> p(n - 1) < p(n)7

or
en-1 =1, =1, p(n—1) <p(n).
Anyway, €,-1 = 1, p(n — 1) < p(n). Further, Lemma 5.1.a) implies
€1 =€ = =61 =1 pli+1) <p(i+2)<---<p(n).
Now, we have
e=1, fori+1<k<n-—1, and p(k) <p(ks), fori+1<k <ky<n.

This condition is also satisfied for ¢ =n — 1 or i = n, because in those
cases it is empty.

Since pe € W Yk € {1,... ,i—1}, Lemma 5.1 implies that for any
ke {l,...,i— 1}, we have epp= €411 = 1 or €y= 1, €441 = —1 or
€ry= €x+1 = —1. We cannot have exy= —1, €441 = 1. So we conclude
that there exists j € {0,1,...,7} such that €;y= 1 for 1 <k < j—1 and
epy= —1 for j4+1 < k <i—1. Lemma 5.1 also implies p(k) < p(k+1) for
1<k<j—landp(k)>plk+1)for j+1 <k <i—1.Hence, pe € Yjw’
where 0 < 7 < 4.

If pe € U(%jgi%w,then we see from Lemma 5.1 that pe € W% for
l # i, in thelcase i #n — 1, and pe € W* for [ £ n — 1, [ # n in the

case 1 = n — }. This proves the other inclusion.
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Let pe € [W/W-, ] = (Vs W

Suppose that €,_; = 1| Then by Lemma 5.1 a), we get ¢, = €3 =
oo =€y-1 =1, p(k1) < ko), for 1 < ky < kg < n—1. The condition
[ €= 1 gives us e,y= 1. Put j = n — 1. Then, the conditions (i), (i7)

arfd (131") are satisfied, and the others are empty.

Let €,-1 = —1. Then by Lemma 5.1 b) we get €,= 1, p(n—1) >
p(n).It follows from Lemma 5.1.a) that there exists j € {0,1,...,n — 2}
such that

€= 1, for 1 <k <j, plk1) <p(ks), forl <k <ky<y,
and
€= —1, for j+1<k<n-—1, pk)>p(ks), forj+1<k <hks<n-—1L1
Together with the first condition, we get
€= —1, for j+1<k<n-—1, pk)>pks), forj+1<k <ks<n.

Therefore, the conditions (i), (i7), (ii') and (iv) are satisfied, and the
others are empty.
The other inclusion can be proved as before.
O

ny
Remark 5.1. Ifpe € W, € = (e1,._€,), then [] €= 1. Thus we have
i=1
fori<n: peeYYimplies ep= (—1)"7,
fori=mn: ifn—j odd, then Y=,
if n — 7 >0 even, then Yj”w: 0.
If j = n, then Y= {id} C Y™, so we can write

w/w-1= U (Yj"‘-”

0<j<Re

For the set [IW \W], we can simply use the relation [W/W |™' =
[W \W] and the previous lemma to obtain the following:

Lemma 5.4. Let 1 < i <n and let 0 < 5 < i. Denote by X}wthe set
of all pe € W such that the following siz conditions are satisfied:

(i) 1) =1, for1 <k <y;

(i) p~ (k1) < p(ka), for 1<k <ky <j;
(iii) €p10) = —1, forj+1<k<i;
(iv) p~' (k1) > p~'(ka), forj+1 <k <ky <5
(V) ep1) = 1, fori+1<k<n-—1;
(vi) p~t (k1) <pM(k2), fori+ 1<k <k <n.
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Denote by X;”ﬁthe set of all pe € W which satisfy the same conditions
(for i =n), but instead of (iii), the condition

(iii’) Ep—1(k) = —1, forj+1<k<n-1, €p—L(n) = 1.
Then,

W A\W]= (XY

0<j<ku
w-\wi= [ Xy
0<j<ny1
O
Let 71,12 € {1,...,n}. For integers d, k such that
0 S d S mz’n{z’l,z'g},
maz{0, (i1 + iz —n) —d} < k <min{iy, iz} — d,
we define a permutation p,(d, k);, ;, in the same way as in [T1]:
; for 1<j5 <Kk
+ 11— k, for k+1<j<iy—d;
pn(d, ]{,‘)117@2(]) = i1+ i —d+ 1) — 7, for o —d+1< 7 <ig;
— 12+ k, for s +1<j<i1+ ta—d—k;

for i1+ o—d—k+1<j<n.

Y

The conditions on Rand k imply that p = p,(d, k), 4, is well-defined.
For k > 0, we set

lp=1,1,..,1 and —lp=—1,—1,...,—1.

a) Ifiy,i0 <n, 0<d<min{iy, iz}, deven, mazx{0, (i1 + iz —n) —
d} <k < min{iy, i} — d, then we define

(d k)(o 0 pn(d> k)il,ig(lig—d7 _1d7 1n—i2)-

11,82

Ifiy,io <n, 0<d<min{iy,is}, dodd, max{0, (i +iy —n) —d+
1} <k <min{iy, i} — d, then we define

qn(d /{?)E? ?2 pn(d> k)ihiz(liz—da —14, 1n—i2—1> _1)'

b) If iy, io <n, 0<d<min{iy, iz}, deven, k =1i3+is—n—d >0,
then we define

¢(d, k)Y = pu(d, k)i iy (Lig—ao1, — a1, iy —1, —1).
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c)Ifiy <m,ix <n, 0<d<min{iyiz},dodd, k=i1+is—n—d >
0, then we define
gn(d, k)57 = po(ds )iy iy (Liy—a, =L, Lniy 1, —1).
d)Ifi; <n,ia <n, 0<d<min{iy,iz}, dodd, k =i;+is—n—d >
0, then we define
qn(d, k‘)g?zlz = pn(d, k)i, iz(liz—d—h_ld—l-hln—iz)'
Gn(d, k) qu(d )L, qa(d, K)SY) and g (d, k)L

i i are elements of

i1, Z2

W

Lemma 5.5. Let i1,iy € {1,...,n}. Suppose that integers j; and jo
satisfy 0 < 71 < 11 and 0 < jp < iq. If XZl YZ2 # (), then one of the
following three conditions is satisfied:

(i) i1 — J1 = t2 — Jo;
(ii) i1 — j1 =i — Jo + 1 even;
(iii) @9 — jo =141 — j1 + 1 even.
In that case, we have:
(a) If iy — Jj1 =12 — j2 is even, then
Xanyp =
(0,0) _ P
{ n(d k)i | d = i1 — ji,maz{0, (iy +i2 — n) — d} <k <min{iy, ia} — d} (
(b) ]f’ll - jl = ’ég — jg 18 Odd, then
XZ.1 N Y?Z =

{ n(d )0 | d =iy — g1, max{0, (iy + iy —n) — d + 1} < k < min{iy, in} — d} (

{qn(d B d =i — -1, l{:—21+22—n—d>0}(
(c) Ifiy — j1 =12 — jo + 1 is even, then

11,02

Xﬁi“YJ?Z{ n(d, k)2 |d—22—jz,k=i1+z‘2—n—dzo}(
(d) Ifio — jo =11 —j1 + 1 is even, then
X?iﬂYj?{qn(d,k:)ﬁ?;du—yl,k:z'1+z'2—n—d>0}(“

Proof. Let pe € W . Then pe € X' NY;? if and only if the following
twelve conditions are satisfied:

(1) e =1, for 1 <1< jy;
(2) p_l(ll) < p_l(lg), for 1 < ll < lg < jl;
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Epfl(l) = —1, for jl + 1 S l S 'il;

p () > pH(la), for ji +1 <1y <ly < iy
Ep—l(l) = 1, for 'il—l-l §l§n—1;

p_l(ll) < p_l(lg), for i1 +1<1; <ly <m;
€= 1, for 1 <1 < go;

p(l) < p(la), for 1 <1y <y < o

e= —1, for jo +1 <1 <iy;

p(l) > p(la), for jo +1 <1y < Iy < iy;
€= 1, for io +1 <1 <n —1;

p(ll) < p(lg), for 9+ 1< ll < lg <n.

—~

~—~
N — O © 00 ~J O O W

= = R o~
~— N N

—~

Suppose that there exists pe € X;i N Y;; Then conditions (1),(3)
and (5) give that the number of —1’s which appear in € must be i; — j;
if i1 — 71 is even, or i1 — j; + 1 if 43 — j; is odd. Conditions (7),(9) and
(11) give that the number of —1’s which apear in € must be iy — jo if
19 — Jo is even, or 19 — jo + 1 if i5 — jo is odd. We conclude that the
difference between i; — j; and i3 — jo is at most 1, and, if they are not
equal, the bigger one is even.Thus, we get conditions (i), (i) and (i)
from the lemma.

a) If iy — j1 =i2 — jo even, then €,y= 1, €,-1(,) = 1, so pe satisfies
conditions (1)-(12) from Lemma 4.5 [T1], which gives the statement.

b) Let i1 — 71 = 12 — jo odd. If i1 = n or iy =n, then there is no
pe € W which satisfies conditions (1)-(12), so Xj! NY;?> = ().
Suppose i1, i < n. From (7),(9) and (11), we conclude that

€= (1j2> _1i2—j2> 1n—i2—1> _1)
Conditions (3),(7),(9) and (11) imply
p([j2 + Loy U {n}) = [ji + Liir]n U{n}.

If p(n) = n, then conditions (1)-(12)restricted to the set {1,... ,n—1}
are the same as in Lemma 4.5[T1]. It follows that p = p,(d, k)i, ., and
’él—l—’ig—d—/{?—FlSn, i.e.,k‘ZZ.l—l—’l.g—n—d—Fl.

If p(n) # n, then from (4) and (10) we see that

p(jQ + 1) = n,
p_l(jl + 1) = n,
p([J2 +2,42)n) = [J1+2,0]n.
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Set d = iy — jo — 1. By (10), p is order-reversing as a mapping p :
[72 + 2, 2]y — [j1 + 2,41]n. It follows that
p(i)=i1—(J—Jja—2)=(i1+ia—d+1)—j, for ix—d+1<j<is.
From p(j, + 1) = n we have p~!(n) = jo + 1. Together with (6), this
implies

p~H([in + 1n = 1n) € [1, jolw.
In the same, way we get

p(liz +1,n = 1]n) € [Lja]w.

Let K =p ' ([i1+1,n—1]y), L =/[1, 7]y \K. Suppose that L # (.
Since p(K U {j2 + 1}) = [i1 + 1, n]y, we have p(K) > p(L), and from
(8) we see that K > L, (i.e.,p >q, Vp€ K, Vqé€ L). Thus, there
exists k € {1, ..., jo} such that

p i+ 1,n = 1)n) = [k + 1, j2]n.

If L =10, we put k£ =0, so the above condition is satisfied. Now, we
have

(*) p ([tin+ Lnln) =[k+ 1,2+ Un = [k + 1,42 — d]n,
n—ip—1 = ipa—d—Fk—1,
k= i1+ia—n—d>0.
In the same way, we get
p([ie + 1,n]y) = [k + 1,41 — d]n.
From (12), we obtain
p(j)=k+1+j—ir—1=j—is+k, iptl<j<n
By (%), we have
p([k+ 1,i — d]n) = [i1 + 1, n]n,
and from (6) we see that
p(j)=u1+14+j—k—1=j+1i —k, kE+1<j<iy—d.

It remains to determine p on [1, k|y. From the above observations, we
get

p([L, klw) = [1, k],
so by (8), we have
p(j) =3, for 1<j<k
We conclude that p = p,(d, k)i, i,
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: _ (0,0) i i _
. It remains to prove that ¢ = qu(d, k), € X3 NY;? when d =
i1 — J1 =12 — j2 and

max{0, (i1 + i —n) —d} <k < min{iy, iz} —d,
and ¢’ = ¢,(d, k)ﬁjjz) € X;i N Y;; whend =i —j;—1=1i,—j,—1and
k?:’él—l—'ig—n—dzo.

One sees directly from the definition of ¢ and ¢’ that conditions (7)-

(12) are satisfied. In the same way, one sees that conditions (1)-(6) are
satisfied.

c) Let i1 — j1 = i2 — jo + 1 even. If iy = n, then there is no pe € W
which satisfies conditions (1)-(12), so X;i N YJZ; = 0.

Suppose that 7o < n. Set d = iy — jo. From (1),(3),(5),(7) and (9),
we see that

€nyy = —1, €p—1(n) = 1,
€ = (1i2—d> _]—d> 1’ﬂ—i2—17 _1),
p(lj2 + Lol U{n}) = [i1i+ 101w

From (4), we get
p i +1) = n,
p(lj2 + Liizln) = [j1+ 2w,
p)=i1—(j—jo—1)=(i14+is—d+1)—j, da—d+1<j<i.
In the same way as in (b), it follows from p(n) = j; + 1 that
p([iea +1,n —1]y) = [k + 1, j1]n, where k =141 +is—n—d >0,
and
p(j)=j—da+k, da+1<j<n
We conclude that
p([1,i2 —d]n) = [1, k]ny U [i1 + 1, n]n.
From (8), we have
p(LklN) = [1, Ky,
p(lk+ 1,ia —d]n) = [i1+1,n]y,
and
p(j) = J, 1<j<k,
p(j) = a+l+j—k—-1=j+1i1—k, k+1<j<iy—d.

Therefore, p = p,(d, k)iy 4y -
The rest of proof is same as in (b).



20 DUBRAVKA BAN

(d) Analogous to (c). O

For iy = n, z'2<n 0<d<iy dodd, k=1iy—d, we define

gn(d, k) in = Dald )iy iy (Liy—at1, —la—1, Loy )
Foriy=n, iy<n, 0<d<iy, deven, k=1—d, we define
Gn(d, K)o ™ = palds By ty (Liy—apt, —Lac, Lnoiy o, —1).

Foriy =n, iy<n, d=0,k=1,, we define

G (d, )0 = po(d, Ky -

n,ig

Foriy =i,=n, 0<d<n, deven, k=n—d, we define
(d k)gl n21/1 2 - pn(d7 k‘i)nyn(ln—d-i-l) _]—d—27 1)
For iy =iy =n, d=0,k =n, we define

Gn(d, k)27 = pu(d, k)

An argument analogous to that for Lemma 5.5 gives

Lemma 5.6. Letiy € {1,...,n}. Suppose that integers ji and ja satisfy
0<ji<n-—1and1 < j < iy. ]fXjT”ﬂ Y;; # (), then one of the
following two conditions is satisfied:
(i) (n—1) —j1 = iz — ja even,
(ii) (n—1) —j1 =12 — jo + 1 even.
In that case, we have:
(a) If (n —1) — g1 =ia — j2 > 0 is even, then

n,ig

v = {gld k) |d=n—j1,k=z'2—d}(

and for (n — 1) — j1 =iz — jo = 0, we have
XY =

{ﬁmg; d=1k=iy—d}U {((dk)fil_lldzak:z'z—d}(
(B) If (n —1) — j1 =i — jo + 1 is eveny thenn —1— j; > 0 and

n,ig

X;;%ngzz{ o(d, k)LD |d:n—j1—1,k::z'2—d}(
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Proposition 5.7. Let iy,is € {1,...,n}. Then,

(U ( {((d )Y a0, (iy + iy —n — d)} < k<mm{¢1,¢2}—d} )

0%43.} {((d k:)§11112|k:—21+22—n—d>0}
d—eveny
((d RIS maz{0, i+ — n— d) + 1} < k < minfir,i2} — d}
ulbU () | | =iy 4is—n—d >0 ( )g
) < ui (dl{:)g?;k‘zl—l—zz—n—d>0%
d—oddi) i

Particularly:
(a) If iy = n, i < n, then

W \W/w ] C:

— (d )OO k=i —d} | U ()0 | | =iy — d
{< : } {( : J

<d<iy <d<iy

—eveni) —oddi)
(b)Mfiy <mn, iy =mn, then
= {f(d’ Bl k=i —d} |y {f(d, £l k= iy = d
<d<iy <d<iy
—eveni) —oddi)

(c)If iy =iy =n, then
W AW/W = | ({anld &) | k=n—d}.

0<d<hy
d—eve

Proof. We know that [Wo\W/W | = [Wo\W|N[W/W ], for ©, C
A. From Lemmas 5.3 and 5.4, we have

w . \w/w | = [W \Wnww _]= U(Xﬁ)ﬂ U(%)(

0<ii < 0<g2<

R

0<51 <41 0<52<io
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Now, Lemma 5.5 tells us when X;i N Y;; is nonempty and gives the
proposition.

(a) If iy = n, iz < n, then g,(d, l{:)m2 and ¢, (d, k:) ) are not defined
and ¢, (d, l{:)m-2 is not defined for d odd. For d even, the inequality
max{0, (i1+ia—n)—d} < k < min{iy,is} —d becomes max{0,is—d} <
k < min{iy, iz} — d, and its only solution is k = iy — d.

(b),(c) Analogously.

[

In the same way, we get

Proposition 5.8. Let iy € {1,...,n}. Then,
@) (W \W/W ]

{(ukm;1|k=@—d}LJ

<d<iz
—oddy

(ﬁ)[WnWWWQJUfkwhdd@m@mkn—d}(

—eveni)

In particular, for io = n (i reduces to

(W= \W/W ] = LJ{fwwm@ﬂwk:n—d.
0<d<nap
d—odda)

Lemma 5.9. Fiziy,is € {1,2,...,n}. Suppose that integers d, d' and
k, k' satisfy the following conditions:

0 <d,d < min{iy, iz},
maz{0, (i, + iz — n) —d} < k < min{iy,is} —d,
maz{0, (i1 +ia — n) — d'} <k < min{iy, ia} — d'.
Then,
(1) (pa(d K)inin) ™" = pu(d, k)i
(1) (3@ 0) " = gl B
(geld ) = a2,
(4nld. k)iii) = a0
(iii) Letw = g,(d, k:)Zl i W = qn(d', k:’)(** where (x), (xx) € {(0,0), (1, 1),

11,127

(1,0, (0,1)}. [fw =, then (x) = (s+), d=d', k=K’
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Proof. The proofs of (i) and (ii) are straightforward calculations
(also, cf. Lema 4.7 [T1]).

(7ii) Write w = pe and w' = p'e’, where p = p,(d, k)i, s, and p' =
pn(d/> k/)i17i2'

Suppose that (x) = (*x), and that d and d are both odd or both
even. If we compare the numbers of —1’s which appear in € and €',
we get d = d'. Therefore, p,(d, k)i, i, = pn(d, k)i, :,. The definition
of p,(d, k)i i, implies that k£ is the maximal integer which satisfies
0 < k <min{iy, iz} —d and p,(d, k), 4,(1) = [ for all 1< < k. This
implies k = k.

We are now going to prove that in other cases we cannot have w = w’'.

a) Let (x) = (0,0), d even.

Suppose that (xx) = (0,0), d odd. Then w = w’ implies n — iy =
0,n—12—1 = 0, which is impossible. We can use the same reasoning in
the cases (xx) = (1,1) and (xx) = (1,0). In the case (xx) = (0,1), we
consider w™! and (w’)~'. They are of type (0,0) and (1,0), so w™! #
(w')~!, which implies w # w'.

b) Let (x) = (0,0), d odd. Then iy,is < n.

Suppose that (xx) = (1,1). Then w = w’ implies d =d + 1, k =
k' =i, + 19 —n —d'. Now we have

hW+ig—d—k = z'1+z'2—d—(z'1—|—z'2—n—d+1) =n-—1,
iWtia—d —k = n,
and by definition

Pa(d k)i in(n) =, pu(d, k)i iy (n) =n—ia +k =iy —d <mn,
which contradicts the assumption w = w'.

If we suppose (xx) = (1,0), then we get d = d', k = k’. But the
condition for w is k > i1 + i3 — n —d, and for w' k =iy + iy — n — d.
This is again a contradiction.

In the case (xx) = (0, 1), the equality w = w’ implies n — iy = 0 and
n — 12 — 1 = 0, which is impossible.

c) Let (x) = (1,1), d even.

Suppose that (xx) = (1,0). Then w = w' impliesd =d+ 1, k = k.
But we have k = i1+is—n—d and k' = i1 +is—n—d = i1+is—n—d—1,
which is impossible.

The assumption (xx) = (0,1) givesn —ia — 1 =0and n —is =0, a
contradiction.
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d) Let (x) = (1,0), (%) = (0,1). Then w = w’ impliesn —iy —1 = 0,
n — i = 0, which is impossible.
0]

Define ¢, (d, k)i, i, = pn(d, k)iyiy(Liy—d, —1a, 1n—i,). This is an auto-
morphism of ¥. If d is even, then ¢,(d, k);, ;, is an element of W.
Recall that for i € {1,... ,n}, we defined

AR BT et ona
Lemma 5.10. Let w = q,(d, k)i, i,- Then,
A NW( i) = k) imd) i N i is—d—k-
Proof. The conditions on d and k imply
0 < k<iz—d<iu<i1+ia—d—k<n,
0 < k<iz—d<iya<iz+is—d—k<n.
Set
Bip = ay, i=1,...,n—1,
By = €n.

Then I' = {f4,..., 0.} is the set of simple roots of the root system of
type B, into which our root system embeds. We shall use the following
formula, proved in [T1]:

(*)
(PN B ) Nw(lA\A{B,}) = C\ABull € {k,i0 —dyin,ia +io —d =k} \ {0} } .

Since we have

P\ {B.} = A\{a},
NGNGB = s\ {an},  (for j #0),
it follows that
(**)
(o Nwl i) \{amwlem)}t =0 8 a-afd) 0N ivi-ak) \ {am, wlam)}.

We consider several cases.

(a) Let 41,72 <n — 1.
First, suppose that ¢;+73—d—k < n—1. Then k,i;—d < n—1. From
the definition of w = ¢, (d, k)i, 45, We get w(e,—1) = €p_1, w(e,) = €n,
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so w(ap—1) = ap_1, w(ay,) = a,. We apply this to formula (*) and we
get

(A\{ay ) Nw(A\ {as,}) = A\ {aul € {k,i1 —d, 1,01 +i2 —d—k} \ {0} }.
Since 11,49, k,11 —d, i1 + 12 —d — k < n — 1, this is exactly the formula

from the lemma.
Next, we consider the case when iy + 15 —d — k =n — 1. Then,

wH (an-1) = w (en1 — €n) = Pu(d, k)iyiy (€n-1 — €n) = €ip—ay— €n.

This is an element of A if i, — d = n — 1, which is impossible since
ip <n—1. S0, w(a,1) ¢ Aand a,1 ¢ w( 4). In the same way,
we see that a,& w( ;,). Hence,

i1 ﬂw( iz) - A \ {an—laan} = n-1-
Similarly, w(a,) ¢ A. Now from (**), we have
( iy N 'LU( Zz)) \ {Oén} = ( ’ﬂlﬂ il—dﬂm i 1 i1+i2—d—k) \ {Oén}
Since 4 Nw( 4) C -1 and iy +ip —d — k =n — 1, if we intersect

the above equality with ,_;, we get the formula we need.
It remains to consider the case when 7; + 49 — d — k = n. We have

w_l(an) = 6i2—d—1 _I_ 6i2—d7

and this is not in A because i, < n — 1. Hence, ay,# w( ;,). Also, we
have

w(an) = €, -d-1 + € —d,
and again this is not in A. Now, the relation (**) becomes
nNw( ) = (k) a-af) 00 iti—ak) \ {an}
= kf) a—dh) i O i tia—d—k,
since 4 tip—d—ky= n= A\ {an}.
(b) Let iy > n— 1. If iy + i3 —d — k = n — 1 (this is possible for
i1 =n — 1), then we have
w(oy,) = w(ep—1 + €n) = €n—1—iy+kyt €n-
If 11 +i9 —d — k = n, then
w(am) = w(en—1 + €n) = en_1—iythy Cnintk-
Anyway, w(a,) € A implies w(a,) = a,, and the relation (**) becomes

( i N 'LU( Zz)) \ {Oén} = ( W) i) i () i1+i2—d—k) \ {Oén}

Since oy 4, the relation we want follows immediately.
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(c) Now, consider the case when iy <n—1,4i, =n — 1.
First, suppose that i; + iy —d —k =n — 1. If d = 0, then w(a,) =
w(en—1+ €y) = €1+ eny= Qy, 50 Ayt W( 4,) and w(a,) = g  4,-
If d > 0, then
w_l(an) = w_l(en—l +en) = Pn(d, K)igiy (en1 +€n) = Ciy—dyrt 6%& A,
wlan) = wlen—1+€n) = pa(d, k)iyir(—€n-1+ €n) = —€iy—g41 + ey A.
Anyway, the relation (**) becomes
i 1 'LU( iz) = ( kA -l i () i1+i2—d—k) \ {Oén},
and since i1 + iy —d — k =n — 1, we are done.
Now, suppose that iy + iy — d — k = n.Then
wH(an) = pald; k)iyiy (€n—1 + €n) = €ir—a1 + €ipa,
and this is not in A since is —d < n — 1.
If d =0, then
w(an) = w(en-1 + en) = Puld, k)iy iy (€n—1 + €n) = enyt €5, & A,
and the relation (**) gives the result.
If d > 0, then
w(an) = wlen—1 + en) = pald, k)i iy (—€n1 + €n) = —€iy—ay1 + €y —ayp= iy —a-

Now from (**), we have

( i N 'LU( Zz)) \ {ai1—d} = ( kf ) i) i () i1+i2—d—k) \ {an>ai1—d}'

But o, —ap¢ w( ;) since a;,—gp= w(ay,). Also, anyé i) +iy—d—kypand
Qi —dyft  iy—d- The result follows.

(d) It remains to consider the case iy < n — 1, ia = n. Then i; +
19 —d — k = n and we have
w™H(an) = pu(d; k)iiy (en1 + €n) = en 1 iy 1kt Eniythi= En—1-dyt €n—d-

We see that w™(ay,) ¢ A, for d > 0, and w™ () = ay, for d = 0.
Since i3 = n, in both cases we have a,& w( ).
Now for d > 1, we have

w(an) = p(d, k)iy i (—€n1 — €n),
and for d =1
w(an) = pald, k)i iy (en—1 — €n) = €ny €3y,
and in both cases w(a,) ¢ A. Hence, relation (**) becomes

i 1 'LU( iz) = ( kf )V i—d) iy [ i1+i2—d—k) \ {Oén},

and the result follows from the condition ¢; + i3 — d — k = n.
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O
Lemma 5.11. (i) If w = ¢,(d, k:)l(-?j?z) or w = qy,(d, k:)l(-llj?z), then
i1 N 'lU( iz) = m<j¢ where 11 = {k‘,’il - d,’il,’él —l—’lg —d— k‘}\{O},
jell

or, equivalently,
ilmw( iz): kb a—dd) i (i ig—d—k-

(ii) If w = q,(d, k)ﬁjjz) or w = qy(d, k:)(o’l) then

11,89 9
i1 ﬂw( iz) = kf) i—af) i N 7n>

or, equivalently,

ilﬂw( iz):S m<j9<ﬂ{k,il—d,’il,'él‘l"ig—d—/{?n},

jel

where s = (1,-1,—1) denotes the automorphism of ¥ which inter-
changes oy, and a,.

Proof. (a) Let w = g,(d, k:)l(-?fz). If d is even, then w = ¢,(d, k)i, 4y,
and the statement follows from Lemma 5.10.
If d is odd, then i1,i2 < n. Now w = w's, where v’ = q,(d, k);, i,
Note that s( ;,) = 4, for iy < n, so we have
i1 ﬂw( iz) = i mwls( iz) = i mwl( iz)'
The result follows from Lemma 5.10.
(b) Let w = g,(d, k:)(l’l) Then, i1,i3 < n, i1 + i —d — k = n and

i1,ig
w = sw's, where w' = ¢,(d, k);, ;,- Now, we have

aNw( &) = 4 Nsws( ) =s( 4Nuws( ;) =
= s( 4 Nuw( ;) = (Lemma 5.10)
= S( k) q-df) 4N n)=
= ) gl 0N g

(c) Let w = gn(d, k:)ﬁ?z) Then, is < n and w = w's, where v’ =

qn(d, k)i, i,. It follows that
i1 mw( iZ) = i ﬂ’wls( iz) = i mwl( iz)

and Lemma 5.10 gives the result.
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(d) Let w = gu(d, k). Then, iy < n and w = sw’, where w' =

11,02 "

qn(d, k)i, ip. Now, we have

i1mw( iz) = i1m5w/( iz):S( i1mw/( iz)):
= (Lemma 5.10) = s( k) iy—af) iy N n) =
= W oa-a) o N o

In the same way, we get

Lemma 5.12. Let w = q,(d, k‘)gz,_i;_l)

N w( ) =50 k0 g w).

or w = qp(d, k:)(il’_l). Then,

n,i2

6. ORTHOGONAL GROUP O(2n, F')
The orthogonal group O(2n, F'), n > 1, is the group
O@2n,F) = {X € GL(2n,F)| "XX = I, }.

O(2n, F) has two connected components. The first is SO(2n, F) =
{X € O(2n,F) | detX = 1}, and the second is {X € O(2n,F) |
detX = —1}. We have

O@2n,F)=5S02n,F)Us-SO(2n, F),

where

S =

0
1

O =

I

Let A denote the set of siu‘(@le roots of SO(2n, F), W the Weyl
group. Let a = (ny,...,n;) be an ordered partition of m < n. Denote
by Pay= M,Usythe standard parabolic subgroup of SO(2n, F') with
Levi factor My = GL(ny, F) x -+ - x GL(ng, F') x SO(2(n —m), F). We
shall consider the following subgroups of O(2n, F'):

- wib) SPy, for m < n,
Qo= { P,, for m = n.

It follows that Quy= NoU,, Where
N ) SM,,, for m < n,
W | M., for m = n.
We have

Na"/’: {fag(gl,---,gk, h7 ﬂ./é]k_d}?) 7—'Lbl_l) | gHZE GL(nZ>F)> h € 0(2(n_m)7F) )
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S0
No= GL(nq, F) X -+ x GL(ng, F) x O(2(n —m), F).

Let a = (7). The subgroups N = Nygand V = U,yare closed, N
normalises V and NNV = {e}, so by the first section, we have functors
tv,1 and ry1. Define ig yy= iv1 and ry gy= rv,1. Hence,

Z'G7N¢Z AlgN — AZQG,
Gy AlgG — AlgN.

Let a = (i1), B = (i2), P = Qay= MU, Q = Qg= NV.Let o be an

admissible representation of O(2n, F'). We consider
T'N,Gf ’l'G7M(O').

By Theorem 2.1, we can find a composition series of 7y goig .y (o). We
need to calculate representatives of

P\ O@n,F)/ Q.

Lemma 6.1. Let 11,19 € {1,...,71}, o = (’il), ﬁ = (’ig), P = Qaw:
MU, Q = Qp=NV.
(1) {qn(d> k:)i17i2 | 0< d < min{i1>i2}>ma${0> (21 +1i2 — n) - d} < k <
< min{iy,ia} — d} is a set of representatives of P\ O(2n, F) / Q.
(ii) Letw = qu(d, k)i 4p- The groups w™(P), w= (M) and w=(U) are
decomposable with respect to (N, V), and the groups w(Q), w(N)
and w(V') are decomposable with respect to (M, U).

Proof. (a) Suppose that iy,i2 < n. Then,

P = Qo= Pap) sPa,  Q = Qpy= P sPp.
Let x € SO(2n, F'). Then,

PrsQ = (PoJ sFa) x (sl Bp) = P,

so [x] = [xs]. Analogously, [z] = [sz]. Thus, we can choose representa-
tives from SO(2n, F).
Let z,y € SO(2n, F) with [z] = [y]. Now, we have

Pr@Q = PyQ,
(Pad) sFa) @ (sPaf) Pg) = (Padd sPa) y (sPpJ Pp),
(PazP3) U (sPyxPg) U (PysPs) U (Pysts ' Pg) =
(PayPs) U (sPayPs) U (PaysPs) U (Pasys ' Pg).
It follows that
(PoxzPg) U (Pysxs ' Pg) = (PyyPs) U (Pysys ' Ps),
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SO
PyxPsy= P,yPg,  or P,xPsy= P,sys ' Ps.

We know that [W , \W/W 23/£ a set of representatives of P, SO(2n, F') / Ps.
By the above considerations, a set of representatives of P\ O(2n, F') / @

can be chosen from the set [W\, \W/W _ ]Fén the following way: we

take all elements which satisfy P,wPsy= H,sws ' P, and from the
remaining set we choose w or a representative of P,sws™! Pg.

For w = ¢,(d, k)(oo (W o \W/W iz}‘énd ih+iy—d—Fk <n, we

11,22

have w = sws™'. For iy + iy —d — k = e have

squ(d, )V = q,(d, k)"

iiss 1 d s even,

11,12

squ(d, k)05 = qo(d, )Y if d s odd.

11,12 11,227

We conclude that
{Cd k)(oo |0 <d < min{iy, iz}, for d even maz{0, (iy +ia —n) —d} <k <

01,09

ind{iy,ia} — d, maz{0, (i1 +i2 —n) — d} < k < min{iy, iz} — d for d odd}
U {qn(d, k)ﬁg | 0 <d<min{iy, iz}, dodd, k=i1+is—n—d> 0} (
is a set of representatives of P \ O(2n, F') / Q). We have

n(d, )E? ?2, for d even,
n(d, k)i i, = < fgn(d, k:)g? ?23 for d odd and i1 + 12 —d — k <mn,

(1) s for d odd and iy + iy — d — k = n.

11,42
Then, from the refation [x] = [sz], it follows that the set
{gn(d, k)iy iy | 0 < d < mindiy, ia}, max{0,(iy +is—n) —d} <k <
< min{iy, iz} — d}
is a set of representatives of P \ O(2n,F) / Q.
Let w = gn(d, k)i ,- We shall show that the group w(Q) is decom-

posable with respect to (M, U).
If i1 + 49 — d — k < n, then w and s commute, so

<

w(s) = wsw™ = s.
Then,
w(@Q)N(MU) = wQuw N (MU) = w(PsJ sPs) N (MyUsJ sMUy,) =
= [w(Ps) N MaUa] U s [w(Ps) N MaUs] =

(because w(P3) is decomposable with respect to (M, Uy))
= [(w(Fs) N Ma)(w(Fs) NUa)] U s [(w(Ps) N Ma)(w(Ps) N Ua)]
[(w(Fp) N Ma) U s(w(Fs) N Ma)] [w(Fs) N Ua] .
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On the other side,
(w(Q)NM)(w(@)NU) =
[(w(Ps) U's - w(Ps)) N (Mo sM)] [(w(Fp) U's - w(Ps)) N Ua]
= [(w(Ps) N Ma) Uss - (w(Pp) N My)] [w(Fs) N U],

so w(Q) is decomposable with respect to (M, U).
If i1 +i9 —d — k = n, then

w(Q) NP = w(PspJ sPs) N (Pl sP,) = (w(Ps) N P,) U (w(sPs) N sPy).
It can be shown that
w(sPg) N sPay= 0,
which implies w(sPz) N sMy= (). It follows that
W@ NP = w(Ps)OPa,
w(@) NM = w(Ps) N M,.
Ifwe [W o \W/W iz} we have
w(@Q@)NMU = w(Pp) ﬂ(ﬂaw: w(Ps) N MyUpqy=
(since w(Pg) is decomposable with respect to (M, U,))
= (w(Pp) N Ma)(w(Ps) NUs) = (w(Q) N M)(w(Q) NU).
Ifwée [W \W/W iz}ﬁChen w=wse[W \W/W ] Cnd

1 1

w'(Pg) = w' PAw') ™ = wsPssw™' = wPsw™.
Now, we have
w(Q)NMU = w(Ps) N Pay=w'(P3) N MuUny=

= (w'(Ps) N Ma)(w'(Pg) N Ua) = (w(Q) N M)(w(Q) NT).

Hence, w(Q) is decomposable with respect to (M, U).
For the other groups, the proof is similar.

(b) Let i1 =n, iy <n. For z € SO(2n, F'), we have
PisQ = Pagr (sPsJ Ps) = P,

so [x] = [xs] (but the classes [z] and [sx] are not the same in general).
Hence, we can choose representatives from SO(2n, F') again. Let z,y €
SO(2n, F) and [z] = [y]. Now,

Foyr (sPap) Ps) = Poy (sPalJ Ps),
(PoxP3) U (PyxsPs) = (PayPs) U (PyysPs).
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It follows that
Pal’Pgw: Pa’ypg,

so [W  \W/W _] fis a set of representatives of P\ O(2n,F) / Q.
Recall that
W AW ] = {((d B k=i —d}

U (1,0) _
<d<ip {f(d Py | k=12 d}
—oddy ]
Since
Gn(d, k) iy = {Q} an(d, k‘)ﬁozg , for d even,
n\W; K)n,ig (d k;)glllg s, for d odd,

the equality [z] = [zs] implies that
{@n(d, k)ni, | 0 < d < mindiy, iz}, maz{0, (i1 +iy —n) —

is a set of representatives of P \ O(2n,F) / Q.

Let w = gn(d, k)niy. Then, w € [W \W/W  Jorwse [W \W/W ]
Since iy < n, we have (ws)(Ps) = w(P3). Now, (
w(@Q)NMU = w(PgpJsPz) N MyUpy= w(Ps) N MyUpyy=

= (w(Ps) N Ma)(w(Ps) NUa) = (w(Q) N M)(w(Q) NU).

The proof for w(N) and w ) is similar.

Ifwe W, \W/W then it is easy to show the statement for
w(P). Iff ws € [W, \ then
wH(P)NNV = PN sP3) = w H(P,) N (P3) =
= ( (P ) (Ps)) - s =

(smce (sw™)(P,) is decomposable with respect to (Mg, Us))

((sw™)(Pa) N Mg)((sw™

)(Pa) N Up) - 5

s
(w

= (w™(
Analogously for w=(M), w=(U).

w

“H(Pa) N M) (w™
P,)NN)(w™

H(Pa) N Up)
YP)NV).

(c) For i1 < mn, iy = n, the argument is analogous to (b).



INDUCTION AND JACQUET MODULES 33

(d) Let i1 = is = n. For z,y € SO(2n, F'), we have
2] = ly] & ParPoy= PayPs,
so elements of [W o \W/W iz} epresent different classes. Moreover,
P,xPs;, C §O(2n, F),
P,sxPgy € O(2n, F)\SO(2n, F),
S0
[z] # [sz],  [s2] # [yl.
Let z,y € SO(2n, F), [sx] = [sy]. Then,
PysxPgy = P,syPps,
sPysxPgy = sP,syPg.

We conclude that the elements sw, where w € [W- \W/W ], rep-
resent all the classes of type [sz], = € SO(2n, F'). Now, we get the
following set of representatives:

{fwwﬂﬁﬂkzn—d

<d<ny
—eveni)

{td¢@&%ﬁlk=n—d

Since

w(d, k n?;?zz, for d even,
(d, k)pny=
qn\Qy K )nnay—= qn(d, ki)m—nldj—l)’ for d Odd,

it follows that
{gn(d, k)pny 0 < d < minfiy, iz}, max{0, (i1 +is —n) —d} <k < mindiy, iz} —d}
is a set of representatives of P \ O(2n, F) / Q.
For w € [W \W/W ], we know by [BZ2] that w™(P), w™(M)
and w1 (U) are decomposable with respect to (N, V'), and that w(Q),

w(N) and w(V') are decomposable with respect to (M, U).
Let w € [W- \W/W | |. Then,

(sw) M (PYNNV = (sw) ' (Py) N MsUgy= w sP,sw N MaUgy=
(since w™!(sP,s) is decomposable with respect to(Mpg, Ug))
(Wt sPysw N Mpg)(w™ s Pysw N Up)

_ %w P)n N] [(sw)™ Uﬁﬂﬂ<
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The arguments for (sw) ™! (M) and (sw)~!(U) are similar. For (sw)(Q),
we have

(sw)(Q)NMU = (sw)(Pz) N MyUpy= s - (w(Ps) N sMyssUys) - s =

(since w(Pg) is decomposable with respect to (sMys, sUys))
s (w(Pg) N sMys)(w(Ps) NsUys) - s

[(sw)(Fp) N Ma] [(sw)(Fs) N Ud]

[(sw)(Q) N M] [(sw)(Q) N U]

The arguments for (sw)(N) and (sw)(V') are similar.

O

It can be easily verified that, in our case, the character € from The-
orem 2.1 is equal to 1. Now, by Theorem 2.1 and Lemma 6.1, we
have

Lemma 6.2. Let i1,i2 € {1,....,n}, a = (i1), 0 = (i2), P = Qap=
MU, QQ = Qpy= NV. Let 0 be an admissible representation of M.
Then ry.ce iam(0) has a composition series with factors

Z.N,N’ @) ’Uj_l @) TM’,M(U)7

where N' = w™ ' (M)NN, M' = M Nw(N) and w € {qn(d, k)i, | 0 <
d < min{iy, i}, maz{0, (i1 + iz — n) — d} < k < minfiy,is} — d}.

The following lemma describes M’ and N’ from Lemma 6.2.
Lemma 6.3. Let w = ¢,(d, k)i, i,, o= (i1), B = (i2). Then,

Naﬂﬂ 'lU(Ng) = N“H

where v = (k,i; — d, 1,11 + 1o — d — k).

Proof.

Recall from [C] (Proposition 1.3.3) that for §, C A and w €
(Wo\W/W ] we have My w(M )= Morw( ).

a) Let 1,1 < n.
If d is even, then w € [W , \W/W iz}\/Cnd we have

NofVw(Ng) = (Mo sMa) Nw(Mgfd sMg) = (May) w(Mp)) U (Mo w(sMp)).
If 11 + 19 — d — k < n, then s and w commute, so
Nou w(N3) = (Mo (M) U s - (Mo w(M)) = Mo sMo= N,

If 71 + 42 — d — k = n, then by the proof of Lemma 6.1 we have sM,/)
w(sMg) =0, so

No w(Ng) = M,
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Since v = (k, i1 — d, 41,41 + 1o — d — k = n), it follows that M = N,.
If d is odd, then w = w's, where w’ € [W \W/W |/ v =

qn(d, k‘)nW for i1 + i —d — k < n, and w' = ¢,(d, k:)(lo r i+

i1, 127
io —d — k = n. Since iy < n, we have w(Mp) = w's(Mp) = w'(Mpz), so
the argument is the same.
b) Let i1 =n, iz <n.
If d is even, then w € [W  \W/W ]

NoVw(Ng) = Mo w(Mgg) sMg) = Mo w(Mp) = M,.
Since v = (k,n — d,n), we have M= N.,.
If d is odd, then the proof is same, since w = w's, where w' €
[W 1\VV/VV iz} nd w(Mpg) = w's(Mp) = w'(Mp).
c) Let i3 < n, lia = n.
If d is even, then w € [W  \W/W ] (and
Noflw(Ng) = (Ma) sMa) Nw(Mg) =\Moh) w(Mp) = Myy= N,

because i1 + iy —d — k = n.
If d is odd, then w = sw', W' = q,(d,
Nofyw(Ng) = Mo w(Mg)=M
= S(M iy ﬂw’(M 12))

) . Now, we have
N (sw
s(M

= Mkﬂ ip—dl i N n:MTZJ:N

)(M iz) =s(s(M ) nu'(M ) =

d) Let ’él —’ég—n
If d is even, then w € [W \W/W (and

Nof1 w(Ng) = Mo w(M, Myy= Ny
If d is odd, then w = sw’, W' = ¢,(d, k 51 le Y. Now, we have
N w(Ng) = M) w(Mp) = 5(s(Ma) Nw'(Mp)) =
= (M n Nw (M n)) (M kN n,dﬂ n =
= M BN n—dN n N‘/

O

We now do the same construction for even orthogonal groups that
we did for SO(2n, F).

Let o be an admissible representation of O(2n, F'), 7 an admissible
representation of GL(m, F'). Then, 7 ® o is a representation of N, =

GL(m, F) x O(2n, F). Set

T X0 =N, c(T®0o),
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where G = O(2(m + n), F'). Note that here we use the notation we
introduced at the beginning of this section, so iy, gywould be iy, 1
if we used the notation from[BZ2].

Proposition 6.4. Let w,m and m be admissible representations of
the groups GL(n, F), GL(ny, F') and GL(nay, F), respectively. Let o
be an admissible representation of O(2m, F). Then, m X (w3 X o) =
(m X o) X o and (T X o)~ =27 X 4.

Proof. The proof is same as in the case of SO(2m, F'), but here we
use Proposition 1.9. from [BZ2]. O
Let

n>0

R(0) =P (Mox

where R,(O) denotes the Grothendieck group of the category of all
finite length smooth representations of O(2n, F'). We shall define the
structure of an R-module on R(O). First, for irreducible smooth rep-
resentations 7 € R and o € R(O), we put

TXOo=38.5(TxX0).

Now, we extend x Z-bilinearly to R x R(O). The action x induces a
Z-linear mapping p : R ® R(O) — R(O), which satisfies u(m ® o) =
s.s.(mxo) forme R, o€ R(O).

An argument analogous to that for R(S) gives

Proposition 6.5. (R(O), u) is a Z-graded module over R.

We can also achieve an R-comodule structure on R(O). For that
purpose, we shall use the Jacquet module. Let o be a smooth finite
length representation of O(2n, F'). At the beginning of this section, we
defined subgroups Q..0f O(2n, F'), where o« = (nq, ..., ng) is an ordered
partition of a non-negative integer m < n. We have Qo= NoU,, where

No= GL(nq, F) X -+ x GL(ng, F) x O(2(n —m), F).
Define
50,(0)(0) = TN,.0@nF) ().

(Again, this is the notation from the beginning of this section.) sq,0)(o)
is a representation of Ny, so we may consider 5.5.(5q,(0)(0)) € Rn, ® - -
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@ Ry, ® Ry—m(0). For an irreducible smooth representation o € R(O),
we define
ni
(o) =Y f5.(s0,0)(0))-
k=0
We have p*(0) € R® R(O). Now, we extend p* Z-linearly to pu* :
R(O) — R® R(0).

Proposition 6.6. (R(O), u*) is a Z,-graded comodule over R.

7. JACQUET MODULES OF INDUCED REPRESENTATIONS FOR
O@2n, F)

Lemma 6.2 is the geometric lemma for O(2n, F'). If we compare it
with the calculations Tadi¢ made in [T1] for Sp(n, F'), we see that the
geometric lemma is exactly the same for those two groups. Now, we
can use the further calculations from [T1] to obtain the formula for
w(m o).

Let us fix a positive integer n and take i1 € {1,...,n}. Let m be an
admissible representation of GL(i1, F') and o an admissible represen-
tation of O(2(n — 1), F).

For iy € {1,...,n}, let d and k be an integers which satisfy 0 < d <
min{iy, iz}, max{0, (i1 + iy — n) — d} < k < min{iy,is}.

For w = ¢,(d, k), 4,, we have

w(diag(gl>g2>g3>g4>h'> 7—%4_17 7—%3_17 71.62_17 ﬂf]l_l))w_l =
:diag(gbg% 7—'@3—1>g2>h> 71@2_17937 7—'[64_17 7161_1)7

where g1 € GL(k,F), go € GL(is —d — k,F),g93 € GL(d, F), g4 €
GL(z'l—d—k:,F)andhEO(Q(n—il—z'2+d+l{:),F).

Lemma 7.1. Let
8.5 (P(kir—d—ra)(in) (7)) = VerP e,

i
4
5.5.(8(i0—a—m)(0)) = D fo ® 0.
v
Let P = Qi = MU, Q = Qy) = NV and w = q,(d, k)i, 4, Then,
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S.S.(Z.N@fl(M)me owlo TMﬂw(N),Mw(ﬂ- ® U)) =

- D X e
L
- DS x o o

— Z Z G 5 7 x 7TJ(»4) ® ﬂgi) X 0.
i g

Proof. By Lemma 6.3, we have
Niir) NV (Nig)) = Nikyir—din ir-+ia—d—k) -
It follows that

S.8. (ran(N) M¢7r®a ZT{' ®7r(3)> ® Z §$)®0j9 (
b

The above calculation gives w™ (M @ M @ T3 QT R 0) = T @ T4 @

T3 @ Ty ® 0. Since

w_l(N(il)) N Niy) = Nikio—dis,ir+is—d—k)
we have
S.S.(Z.N7w71(M)mN¢ o wlo TMﬂw(N),Mw(Tr ® U)) =

ST e ne,
i gy
Now, we use the commutativity of R to obtain the other equalities. []

Define a Z-bilinear mapping x : (RO RQR)x (RQR(0)) — RRR(O)
by defining
(M QT @M)N(My R 0) =71 X Ty X Ty QT3 X 0
for irreducible smooth representations myof GL(n;, F'), i = 1,2,3,4,
and an irreducible smooth representation o of O(2m, F'). Denote by s

the homomorphism s : RQ R — R® R which satisfies s(r;®ry) = ro®7y,
r,rs € R.

The proof of the following theorem uses calculations from [T1].

Theorem 7.2. Let m be an admissible finite length representation of
GL(iy, F') and o an admissible finite length representation of O(2(n —
il), F) . Set

=(l®@m*)osom™.
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Then,

Proof. From [T1], we have

i1 jq Ur(j,q) ) () (q—r)
() = > > e (), © (5)
=0 Y -1 wu=1 uy
q<i1, Y 0<r<qy

t1—gq+r=lp

nyp Ja ur(4,q) vp

S VR D S 3 35 M ()

) wy 1
1<i1 Y0<pXn—iy 0<q<11 1L0<r<q
Lip=iz =1

(r) (g=r)
() (3. xet )
It is shown in [T1] that
(1)
e (m) o4 () =

ny in{il,ig} min{il,ig}—d jilfd uk(j,il—d) Vio—d—k

2 (k2 ( 2. (_n)_d}

i12=0 d=0 k:max{O,(il—l—i

o (k) ) i (i1—d—k) L
x <7§z1 d)) % TIEZQ—d—k) ® (53(1; d)) 1 9 O_I(/:Z—zl—zz—l—d—i-k)) (

u

On the other hand, we have
ny

pr(mxo) = Z (.s.(s(iz)7(0)(7r X 0)).

i2=0
Let iy € {1,... ,n}. Then
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5.(5(iy),(0)(m @ o)) = (by Lemma 6.2) =

min{iy,ia} min{iy ig}—dip

JR— . _1

d=0  k=max{0,(i;+ib—n)—d}
w=qn(d,k); )12

(@] TN(Zl)ﬂ’LU(N(ZQ))7N(21) (7T ® U))
As in [T1], for d and k fixed, we have

.711 d Uk(J 11— d

. (i1—d—Fk)
i1—d) i1—d d
8.5 (T (ki —d—kd), (i) (T) = E > :( ( - ) ® (ﬁi )) ® B},

u J
sz d—k
5.(Stama-m@(0)) = Y [T @ ol
v=1

Now, it follows from Lemma 7.1 that

min{il,ig} min{il,ig}—d .711 duk(j,ll d sz d—k

s-(sao(mxa)) = Y > > 2 Z( )

d=0\ k=max{0,(i;+ib—n)—d} j=1 u=1

NN . o (i—d—k)
X (,yj( 1 d)) % ’TIEZZ_d_k) ® (fu)l d)) ! % O.(ZJ 11— zz—l—d—l—k)‘

u uy
If 75 = 0, then
S(i2)7(0)(7T Xo)=1®mxo.
It follows
pr(mx o) =
ny
= Z .S.(S(i2)7(0)(7'[' X 0’))
is=0
ny in{il,ig} min{il,ig}—d .711 duk(j,ll d sz d— k( )
i9=0 d=0 ( k=max{0,(i1+iy—n)—d} j=1 u=1 v=1
(k) (i1—d—k)
(i1—d) (ig—d—k) (i1—d) n—iy—io+d+k
<%1 )u XTZ ®<51 )uw >40'(¢12 ))<
Now, the above equality and (1) give the theorem. O

Forri®@ry € R® Rand r ® s € R® R(O), set
(r1®mry) X (res)=(r xr)® (rg X s).
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Extend x Z-bilinearly to x : (R® R) x (R® R(O)) — R® R(O). Set
M =(m®1)o(~®m")osom®.
Theorem 7.2 now becomes

Theorem 7.3. For admissible finite length representations m of GL(iq, F')
and o of O(2(n —1i1), F'), we have

p(m 3 o) = M*(m) x p*(0).
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